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A dual approach based on structural tailoring and adaptive materials technology aimed at controlling the dy-
namic response of tapered thin-walled beams exposed to external pressure pulses is presented. Whereas structural
tailoring uses the directionality properties of advanced composite materials, the adaptive materials technology
exploits the actuating and sensing capabilities of piezoelectric material systems bonded or embedded into the host
structure. The structure is modeled as a doubly tapered composite thin-walled beam incorporating a number of
nonclassical features such as transverse shear, warping inhibition,anisotropy of constituent materials, and rotatory
inertias. The cases of piezoactuators spread over the entire span of the structure or in the form of a patch are con-
sidered, and issues related to the in� uence of patch location and size on the control ef� ciency are discussed. Other
issues related to the implications of the inclusion/discard in the quadratic performance index of time-dependent
external excitations are also addressed. The displayed numerical results provide a comprehensive picture of the
synergistic implicationsof the applicationof both techniques, namely, the tailoringand optimalcontrol on vibration
response of nonuniform thin-walled beam structures exposed to external time-dependent excitation.

Introduction

T HE modern combat aircraft is likely to operate in more hostile
environments than in the past. In this sense, its structure has

to be able to sustain during its mission, a variety of time-dependent
loads induced e.g., by blast, fuel explosion, shock wave and sonic
boom.

In view of the damaging effects these loads might have on struc-
tural integrityandsurvivabilityof � ightvehicles,new conceptsin the
modeling, analysis, and control of their structural behavior have to
be implemented. Moreover, other structural devices in the form of
thin-walled beams, such as helicopter blades, robotic manipulator
arms, as well as space booms, can also be dramatically affected by
such loads.

As a result, in recent years there has been signi� cant research on
the integrationof high-performancecompositesand smart materials
to create intelligent/smart composite material structures.

The importance afforded to this problem was emphasized by the
recent appearance of a number of comprehensive survey papers1¡4

that review in depth the state of the art on this issue and that provide
an assessment of the achievements obtained so far in this area. It
appears, however, that the problem of vibration control, by the use
of both the structural tailoringand the optimal feedbackcontrol of a
cantileveredthin-walledbeam of nonuniformcross section, built up
from anisotropic composite materials, has not yet been addressed.

Implementation of advanced composite materials in their con-
struction requires an in-depth understanding of the implications of
a number of nonclassical effects accompanying their use. Among
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these, the effects played by the elastic cross couplings induced by
the directional properties of � ber-reinforced composite materials
deserves further investigation.

An additionaleffectbecomingmoreprominentwith the increased
useof advancedcompositematerialstructuresis relatedto transverse
shear � exibility. Although in general detrimental, its implications
should be carefully investigated. Another feature whose implica-
tions should be considered in conjunctionwith the mentioned ones
is related to the nonuniformity of the beam cross section.

In various contexts, the problem of the dynamic response of uni-
form cross section beams was addressed in Refs. 5–7. However, to
the best of the authors’ knowledge, no studies that investigate the
implications of beam cross-sectional nonuniformity in the context
of the problem considered here have been reported in the literature.
In addition to cross-sectional nonuniformity, the considered thin-
walled model incorporates material anisotropy, transverse shear,
and warping inhibition. Their effects on the dynamic response to
time-dependent external pulses will also be investigated.

To enhance the dynamic response characteristics of such struc-
tures when exposed to transient loadings, in addition to the
anisotropy of constituent materials, advanced concepts of dynamic
control must be developed and implemented. To control the oscil-
lations induced by the action of blast pulses in the shortest possible
time and with a minimum expenditure of energy, smart materials
technologycombinedwith that of optimal feedback control is used.

In spite of its practical importance, studies of the control of the
dynamic response of cantilevered nonuniform thin-walled beams
to transient pressure pulses via implementation of mentioned dual
technology are virtually absent in the specialized literature. In spe-
cialized contexts, the problem was investigated in a number of
papers.5¡7 The aim of the present paper is to supply pertinent infor-
mation and reveal the ef� ciency of this dual control methodology
as applied to the problem formulated earlier.

Basic Assumptions
This studyuses theconceptof single-cell,thin-walledbeamsof ta-

peredplanformandbiconvexcross-sectionalshapethat incorporates
the following features8¡11: 1) transverse shear, 2) warping inhibi-
tion, 3) anisotropic properties of constituent materials, 4) doubly
tapered geometrical features in both the horizontal and vertical
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Fig. 1 Geometry of a doubly tapered thin-walled beam.

planes,5) in-planecross-sectionalnondeformability,and6)piezoac-
tuators surface bonded on the top and bottom faces of the master
structure and activated out-of-phase to induce a bending moment.
Various actuator lengths from 10 to 100% of the beam span are con-
sidered. Assumption 4) requires the following linear distributions
along the beam span of the chordc.´/ and heightb.´/ of the midline
cross-sectionalpro� les:

»
c.´/

b.´/

¼
D [1 ¡ ´.1 ¡ ¾ /]

»
cR

bR

¼
(1)

where ¾ ´ cT =cR D bT =bR de� nes the taper ratio, 0 · ¾ · 1, where
¾ D 1 and 0 correspond to the extreme situations corresponding
to the uniform and triangular beams, respectively; ´ ´ z=L is the
dimensionless spanwise coordinate where L is the wing semispan,
and the subscripts R and T refer to the wing root and tip cross
section, respectively.Moreover,within the nonuniformbeam model
considered,the radiusof curvatureof the circulararc associatedwith
the midline contour at section ´ along the beam span is expressed
as

R.´/ D [1 ¡ ´.1 ¡ ¾ /]RR (2)

where RR is the radius of the circular arc of the root cross section
pro� le. The wall thickness is assumed to be a constant one over the
cross section and length of the structure.

The points on the beam cross sectionsare identi� ed by the global
coordinates x , y, and z, where z is the spanwise coordinate, and by
the local coordinates s, n, and z (Fig. 1).

Kinematic Equations
In view of the preceding statements, the primary (or contour)

warping function F! becomes a function of both s and ´, that is,

F! ´ F!.s; ´/ D
Z s

0

[rn.Ns; ´/ ¡ Ã.Ns; ´/] dNs (3)

where

Ã.s; ´/ D
H

rn.Ns; ´/ dNs
h.s/G sz.s; ´/

H
dNs=[h.Ns/G sz.Ns; ´/]

(4)

is the torsional function, s is the arc length measured along the
circumferential coordinate (whose origin is arbitrarily, but conve-
niently chosen), Ns is a dummy coordinateassociatedwith the s coor-
dinate,

H
.¢/ ds is the integral along the closed midline contour, and

rn.s; ´/ D x.s; ´/ dy=ds ¡ y.s; ´/ dx=ds represents the perpendic-
ular distance from a point on the reference longitudinal axis to the
tangent at any point of the midsurface contour.9 As is readily seen,
in the case of the nonuniform thin-walled beam theory, Ã; F!; rn ,
and a.s; ´/ [´ ¡y.s; ´/ dy=ds ¡ x.s; ´/ dy=ds], which represents
the perpendiculardistance from a point on the refence longitudinal
z axis to the normal at any point of the contour, are functions not

only of the circumferential coordinate s, but of the spanwise ´ co-
ordinate, as well. In addition, in Eq. (4), G sz.s; ´/ is the effective
membrane shear stiffness.11 The importance of including the vari-
abilityof membrane shear stiffnessin the expressionof the torsional
function was emphasized in Refs. 12 and 13.

In accordance with the mentioned assumptions, and to reduce
the three-dimensional elasticity theory of beams to an equivalent
one-dimensional one, the components of the displacement vector
are expressed as7;9

u.x; y; z; t/ D u0.z; t/ ¡ y.s; z/Á.z; t/ (5a)

v.x; y; z; t/ D v0.z; t/ C x.s; z/Á.z; t/ (5b)

w.x; y; z; t/ D w0.z; t/ C µx .z; t/

µ
y.s; z/ ¡ n

dx

ds

¶

C µy .z; t/

µ
x.s; z/ C n

dy

ds

¶
¡ Á0.z; t/[F!.s; z/ C na.s; z/]

(5c)

where F!.s; z/ and na.s; z/ play the role of primary and secondary
warping functions, respectively, with n denoting the coordinate in
the thickness direction. In addition,

µx .z; t/ D °yz.z; t/ ¡ v0
0.z; t/ (6a)

µy.z; t/ D °x z.z; t/ ¡ u 0
0.z; t/ (6b)

where °x z and °yz are the transverse shear strains in the planes xz
and yz, respectively,and the primes denote derivativeswith respect
to z. The quantitiesu0.z; t/, v0.z; t/, and w0.z; t/ are the rigid-body
translationsalong x , y, and z axes, respectively,and µx .z; t/, µy .z; t/,
and Á.z; t/ are the rotations about x and y axes and the twist about
the z axis, respectively, and represent the unknowns quantities of
the problem.

Consistentwith Eqs. (5), the two-dimensionalstrainmeasuresare
.²zz ´ ²0

zz C n²n
zz/, .°sz ´ Q° sz C QQ°sz/; and °zn . Their expression is

²0
zz.s; z; t/ D w0

0 C x.s; z/µ 0
y C y.s; z/µ 0

x ¡ F!.s; z/Á00 (7a)

²n
zz.s; z; t/ D µ 0

y

dy

ds
¡ µ 0

x

dx

ds
¡ a.s; z/Á00 (7b)

Q°sz.s; z; t/ D [u0
0 C µy]

dx

ds
C [v 0

0 C µx ]
dy

ds
(7c)

QQ°sz.s; z; t/ D Ã.s; z; t/Á 0 (7d)

°zn.s; z; t/ D [u 0
0 C µy]

dy

ds
¡ [v0

0 C µx ]
dx

ds
(7e)

where ²0
zz and ²n

zz are the axial strain components associated with
primary and secondary warping, respectively; Q°sz and QQ°sz are the
tangential shear strains in the midsurface of the beam induced by
transverse shear and twist, respectively; and °zn is the transverse
shear strain component.

Governing System Involving Bending–Twist
Elastic Coupling

The directional nature of � brous composite materials offers the
possibility to achieve exotic structural couplings that can be used
to enhance the structural response in sensitive structures, such as
aircraft wings, helicopterblades, robotic manipulatorarms, etc. Im-
plementation of structural/aeroelastic tailoring has revealed great
promise toward improving static and dynamic response charac-
teristics, preventing vibration resonance, and enhancing aeroelas-
tic behavior of aircraft wing structure. For thin-walled composite
beams, the possibility of generating desired elastic couplings via
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the applicationof the tailoring techniquewas examined in a number
of fundamental papers, such as Refs. 12 and 14. Among the cou-
plings that can be induced via tailoring, one of the most bene� cial
for aircraft wing structures is the bending–twist cross coupling. In
some earlier works in which a solid beam model was used, it was
clearly revealed that this coupling can contribute to enhancing the
structural/aeroelastic response behavior. As shown in Refs. 12 and
14, the ply-angle distribution with respect to the spanwise z axis
inducing such a cross coupling is

µ.x/ D ¡µ.¡x/; µ.y/ D ¡µ.¡y/ (8)

Two types of smart structure scenarios, cases 1 and 2, will be
considered. In case 1, the piezoactuator consists of a single patch
of � nite size, distributed along the beam span, and in case 2, the
piezoactuator is spread over the entire span of the beam. In both
cases, the actuatorsare modeled as symmetric pairs mounted on the
top and bottom external beam surfaces and activated out-of-phase.

As a result of the implementationof the ply-anglescheme de� ned
by Eq. (8) and of the out-of-phaseactuation,the governingsystemof
the combined host–piezoactuator structure featuring the transverse
bending–twist coupling, written in a uni� ed form for both cases 1
and 2 is

±Á : ¡.a66Á00/00 C .a73µ 0
x /0 C .a77Á

0/0

D .b4 C b5/ RÁ ¡ ..b10 C b18/ RÁ0/0 (9a)

±v0 : [a55.v0
0 C µx /]0 C .a56Á00/0 C py.z; t/ D b1 Rv0 (9b)

±µx : .a33µ 0
x /0 C .a37Á

0/0 ¡ a55.v0
0 C µx / ¡ a56Á00 ¡ ±p

OM 0
x

D .b4 C b14/ Rµx (9c)

In addition, the solution of Eqs. (9) must satisfy the boundary
conditions. For cantilevered beams these are, at z D 0,

Á D 0 (10a)

v0 D 0 (10b)

µx D 0 (10c)

Á 0 D 0 (10d)

and the natural boundary conditions at z D L are

±Á : ¡.a66Á00/0 C a73µ 0
x C a77Á0 D ¡ .b10 C b18/ RÁ 0 (11a)

±v0 : a55.v
0
0 C µx / C a56Á

00 D 0 (11b)

±µx : a33µ 0
x C a37Á

0 D ±S
OMx (11c)

±Á 0 : a66Á
00 D 0 (11d)

In Eqs. (9–11) the terms underscored by single and double solid
lines are associated with the warping restraint and warping inertia,
respectively.

In theseequations,ai j .´ a ji / andbi arestiffnessand inertiacoef� -
cients, respectively.Because of the involvement in their expressions
of primary and secondary warping functions, as well as of x and y,
which exhibitcircumferentialand spanwisevariations,thesequanti-
ties become functionsof the spanwise z coordinate.The expressions
of these quantities are provided in the Appendix A.

Note that the stiffness terms a37 D a73 and a56 D a65 appearing
in both the governing equations (9) and the boundary conditions
[Eqs. (11)] are responsible for the coupling between bending and
twist. These are referred to as bending– twist stiffness couplings.

In the same equations, the tracers ±P and ±S take the values 1 or
0, depending on whether the actuator is constituted of a piezopatch
located along the beam span (case 1) implying ±P D 1 and ±S D 0 or

is spread over the entire span of the beam (case 2), which requires
±S D 1 and ±P D 0. Whereas in the former case the piezoelectrically
induced moment occurs in the governing equations, in the latter
one it intervenes in the boundary conditions at the beam tip, and
as a result the control is achieved via the piezoelectrically induced
boundary bending moment (for example, see Refs. 15–17).

For the general case, the expression of the piezoelectrically
induced bending moment is given by15

OMx D
I X̀

k D 1

E .k/

3

¡
n.kC/ ¡ n.k¡/

¢
e.k/

31 R.k/.s; z/

µ
y

³
1 ¡

A12

A11

´

C dx

ds

B12

A11

¶
ds ¡ 1

2

I

C

dx

ds

X̀

k D 1

E .k/

3

¡
n2

.kC/
¡ n2

.k¡ /

¢
e.k/

31 R.k/.s; z/ ds

(12)

where` is the numberof piezoelectriclayers, Ai j and Bi j are the two-
dimensional stretching and stretching–bending stiffness quantities,
respectively, and R.k/.s; z/ is the two-dimensional step function.
Equation (12) reveals that the piezoelectrically induced bending
moment is proportionalto the appliedelectricvoltageE3. In the case
of actuators symmetrically located through the beam thickness, the
underlined term in Eq. (12) vanishes.

When the actuators are distributed over the entire beam span,
R.s; z/ ) R.s/, and OMx becomes independent of the z coordinate.
Consequently, its contribution appears in the boundary conditions
only.

In contrast to this case, that is, when a discretepiezoelectricpatch
is involved, OMx ´ OMx .z/, and its contribution appears solely in the
governing equations.5;6

In the case of piezoactuators constituted of a patch, the global
stiffness quantities ai j and mass terms bi can be cast as

ai j .z/ D Nai j C ±P Oai j C ±S
OOai j (13a)

bi .z/ D Nbi C ±P
Obi C ±S

OObi (13b)

where the terms denoted by an overbar and the circum� ex are asso-
ciated with the host structure and the piezoactuators, respectively.
In different contexts their expressionsare supplied in Refs. 5 and 6.

Because the applied electric � eld E3 can be expressedas V .t/=h,
in the case of a piezopatch, an alternative representation for the
piezoelectricallyinduced bending moment is obtained as

OMx .z; t/ D CV .t/[Y .z ¡ z1/ ¡ Y .z ¡ z2/] (14)

where C is a constantdependenton the mechanical and geometrical
properties of the piezoactuator and host structure and V .t/ is the
applied input voltage that is equal and opposite in sign in the upper
and lower piezoactuators (out-of-phase actuation).

Solution of the Open/Closed-Loop
Boundary-Value Problem

Thus far, displayed equations have been obtained via the ap-
plication of Hamilton’s variational principle.8 In addition to this,
Hamilton’s variational principle can be used to devise a powerful
solution methodology (see Ref. 17). This variational principle can
be stated as

Z t2

t1

.±T ¡ ±V C ±W / dt D 0; ±v0 D ±µx D ±Á D 0

at t D t1; t2 (15)

where T and V are the kinetic and strain energy, respectively, ±W
is the virtual work performed by the applied forces, and t1 and t2
are two arbitrary instants of time. Consistent with the ply-angle
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distributiongeneratingthe bending– twist elastic coupling [Eq. (8)],
the kinetic and strain energy quantities are

T D 1

2

Z L

0

£
b1 Pv2

0 C .b4 C b5/ PÁ2 C .b10 C b18/ . PÁ 0/2

C .b10 C b14/ Pµ 2
x

¤
dz (16a)

V D 1
2

Z L

0

£
a33.µ

0
x /2 C a55µ

2
x C a66.Á

00/2 C a77.Á
0/2 C a55.v

0
0/2

C 2a37µ 0
x Á 0 C 2a55v

0
0µx C 2a56µx Á 00 C 2a56v

00
0 Á 00

¤
dz (16b)

For computationalreasons,it is necessaryto discretizetheboundary-
value problem, which amounts to representing v0; µx , and Á by
means of series of space-dependent trial functions multiplied by
time-dependent generalized coordinates. The discretization can be
more convenientlyperformed directly via the extended Hamilton’s
principle[Eq. (15)]. To thisend,we expressthedisplacementsv0; µx ,
and Á as follows:

v0.z; t/ D VT .z/qv.t/ (17a)

µx .z; t/ D RT .z/qR.t/ (17b)

Á.z; t/ D ST .z/qs .t/ (17c)

where

V D [V1; V2; : : : ; VN ]T (18a)

R D [R1; R2; : : : ; RN ]T (18b)

S D [S1; S2; : : : ; SN ]T (18c)

are the vectors of trial functions, whereas

qv.t/ D
£
qv

1 ; qv
2 ; : : : ; qv

N

¤T
(19a)

qR.t/ D
£
q R

1 ; q R
2 ; : : : ; q R

N

¤T
(19b)

qS.t/ D
£
q S

1 ; qS
2 ; : : : ; qS

N

¤T
(19c)

are vectors of generalized coordinates, and the superscript T is the
transpose operation of a matrix.

Inserting Eqs. (17) into Eqs. (16), we can express the kinetic and
potential energies in discrete form as

T D 1
2
PqT M Pq (20a)

V D 1
2 qT Kq (20b)

where M and K are the mass and stiffness matrices, respectively,
of the structure considered in its entirety, that is, of the host and
piezoactuators.The expressions of these quantities are supplied in
Ref. 8.

Performing the integrationwith respect to the spanwise z coordi-
nate and with respect to time, and keeping in mind Hamilton’s con-
dition, from Eq. (15), one obtains the discrete equations of motion

M Rq C Kq D Q ¡ Fu (21)

where u is the vector of the control input. In addition,

Q D
Z L

0

pyV dz (22a)

F D [Ri .z2/ ¡ Ri .z1/] (22b)

are the generalized vector of time-dependent external excitations
and the vector of piezoelectrically induced bending moment,
respectively.

When the state vector is de� ned as x.t/ D [qT .t/; PqT .t/]T and the
identity Pq D Pq is added, Eq. (21) can be cast in state-spaceform (for
example, Refs. 5 and 6),

Px.t/ D Ax.t/ C BQ.t/ C Wu.t/ (23)

where

A D
µ

0 I

¡M¡1K 0

¶
(24a)

B D
µ

0

M¡1

¶
(24b)

W D
µ

0

¡M¡1F

¶
(24c)

Optimal Feedback Control
For the optimal control problem, given an initial state x.t0/, the

goal is to � nd a control vector u.t/ de� ned on t 2 [t0; t f ] that drives
the state x.t0/ to the desired � nal state x.t f / in such a way that a
selected performance index is minimized. In a number of recent
works (for example, Ref. 18) it was argued that the standard algo-
rithms aimed at optimallycontrollingthe structuresexposedto time-
dependent external excitations do not include the time-dependent
external load in the performance index to be minimized. Incorpo-
ration of this term results in a time-dependent performance index
that has to be minimized at any instant of time, wherefrom comes
the terminology of instantaneous optimal control afforded to this
control algorithm.

When the instantaneousoptimal control concept is adopted, and
the approach of Refs. 5 and 6 is followed, the augmented perfor-
mance index including the constraint equation (23) is

Ja D 1

2
xT .t f /Tx.t f / C

Z t f

t0

»
1

2
.xT Zx C uT Ru/

C kT [Ax.t/ C Wu.t/ C BQ.t/ ¡ Px]

¼
dt (25)

in which k.t/ is the vector of Lagrangian multipliers (referred to
as the costate), Z and R are positive semide� nite and positive de� -
nite weighting matrices, respectively,T is the positive semide� nite
weighting matrix associated with the error in the terminal state at
t D t f , and uT D [u1; : : : ; um ], where m is the numberof piezoactua-
tor patches.For large weighting matrix Z, the response is small, and
the required active control u.t/ will be large. As a result, suitable
Z and R that provide a desired balance between the state variable
responsesand control efforts, while satisfyingperformancerequire-
ments and constraints, should be determined. The approach of the
optimal control based on Eq. (25) is referred to as the instantaneous
optimal control.

As shown in Refs. 5 and 6, the linear optimal control law can be
expressed as

u.t/ D ¡R¡1WT P.t/x.t/ ¡ R¡1WT d.t/ (26)

where P.t/ and d.t/ are the solutions of the equations

PP D ¡Z ¡ AT P ¡ PA C PWR¡1WT P (27)

Pd D ¡.AT ¡ PWR¡1WT /d ¡ PBQ (28)

To determine P.t/ and d.t/ that appear in the optimal control law
[Eq. (26)], these two equations have to be integrated backward in
time from t f to t0 in conjunction with the conditions at t D t f ,

P.t f / D T (29a)

d.t f / D 0 (29b)



NA AND LIBRESCU 473

When the external pressure pulse is disregarded in the augmented
performance index, the optimal control law is simpli� ed. If, in ad-
dition, the terminal time t f approaches in� nity, the Riccati gain
matrix P.t/ becomes a constant matrix Pc , which is the solution to
the nonlinear algebraic Riccati equation,

AT Pc C PcA ¡ PcWR¡1WT Pc C Z D 0 (30)

Consistent with the steady-state control, the optimal control law is
given by

u.t/ D ¡GT x.t/ (31)

where the optimal gain matrix is

G D R¡1WT P (32)

As mentioned, in the case of piezoactuators spread over the entire
span of the beam, the piezoelectricallyinducedbendingmoment OMx

appears in the boundary condition at z D L only. Its expression is

OMx D Fu; u D CV .t/ (33a)

F D R 0
i .L/ (33b)

In addition to this modi� cation, the mass and the stiffness are
obtained by setting ±P D 0 and ±S D 1 in Eqs. (9) and (11).

In this work both methods, that is, the instantaneous control
and the linear quadratic regulator (LQR) based on the solution of
Riccati’s equation [Eq. (30)] will be applied.

Sensor Output and Power Consumption
One assumes that the piezoelectric elements can be employed

concurrently for sensing and actuation. For sensing operation,
setting E3 D 0, the electric displacement is given by

D3 D e31²zz (34)

and considering the strain–displacement relationship in the
piezo� lm, it follows that

D3 D ¡e31 y.s/µ 0
x (35)

The electric charge due to the direct effect of the PZT material can
be found through integration of the electric displacement over the
correspondingsensor area,

qp.t/ D
Z

A

D3 dA D ¡
Z Z

e31 y.s/µ 0
x ds dz (36)

The limits of integration in Eq. (36) depend on the sensor–patch
con� guration.

The voltageacross the piezoelectricsensorcan be foundby divid-
ing the charge developed in the sensor by the sensor’s capacitance
C p (Ref. 19)

Vp.t/ D qp.t/=Cp (37)

where C p depends on the patch area Ap , thickness ha , and the
permittivity of the piezoelectricmaterial »

p
33, according to19

C p D »
p

33 Ap

¯
ha (38)

As a result, the sensor electric current output results as

I p D
dqp.t/

dt
D ¡

Z
e31 y.s/ Pµ 0

x ds dz

D ¡
Z

e31 y.s/[ Pµx .z2/ ¡ Pµx .z1/] ds (39)

Furthermore, one assumes that the actuator voltage required for
vibration suppression is proportional to the sensor output voltage
(see Refs. 7 and 20). Accordingly, the electric power consumption
during vibrationcontrolcan be obtainedas the product of the sensor
output voltage and current as P D Vp I p .

Blast Pulses
The case of the step pulse, explosive blast, sonic boom, and rect-

angular and sine overpressure signatures will be considered. As
was clearly established, the blast wave reaches the peak value in
such a short time that the structure can be assumed to be loaded
instantly and uniformly in the chordwise and spanwise directions.
The overpressure associated with the blast pulses can be described
in terms of the modi� ed Friedlander exponentialdecay equation as
(for example, see Ref. 21):

py .s; z; t/[´ py .t/] D Pm .1 ¡ t=t p/ exp.¡a 0t=tp/ (40)

where the negative phase of the blast is included. In Eq. (40), Pm

is the peak re� ected pressure in excess of the ambient one, t p is
the positive phase duration of the pulse measured from the time of
impact of the structure, and a0 is a decay parameter that has to be
adjusted to approximate the overpressure signature from the blast
tests. As could be inferred, the triangular explosive load may be
viewed as a limiting case of Eq. (40), occurring for a 0=tp ! 0. The
sonic-boom wave signature as considered in the present study can
be described as

py .s; z; t/ ´ py.t/ D
»

Pm .1 ¡ t=t p/ for 0 < t < rtp

0 for t > rt p

(41)

where r is the extent of the negative phase of the pulse. The step
pulse is de� ned as py.s; z; t/ D py .t/ D Pm for t ¸ 0.

In addition, the cases of the sine and rectangular pressure pulses
described as

py.s; z; t/[´ py .t/] D

8
>>><

>>>:

Pm sin ¼ t=tp ; 0 · t · tp

0; t > tp

¼
sine pulse

Pm; 0 · t · t p

0; t > tp

¼
rectangularpulse

(42)

will also be considered in the study of the dynamic response.

Results and Discussion
The displayed numerical results are based on thin-walled beams

of symmetric biconvex cross section pro� le (Fig. 1). The beam
dimensions, unless indicated to the contrary, are L D 80 in. and
h D 0:4 in. For numerical simulations one considers that the host
structure is constructed of a graphite–epoxy composite material.
Its on-axis elastic properties are supplied in Appendix B. The
piezopatch manufactured of PZT-4 piezoceramic is located as indi-
cated in Fig. 2, where also its � xed dimensions are supplied. For its
properties, see Ref. 15. Throughout these results, unless otherwise
speci� ed Pm D 50 lb/L .

Beforepresentingthe resultsemphasizingthe implicationsof var-
ious effects that involve the structural model and the performance
of the adopted control methodology (Fig. 3), the fast convergence

Fig. 2 Distribution of the piezopatch actuator.
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Fig. 3 Speed of convergence of the solutionmethodologythat is related
to the de� ection time history: L = 30 in. and unshearable beam model.

Fig. 4 Dimensionless transverse de� ection time history of the beam
tip subjected to a rectangular pulse (inset) for two values of ¾ and
for classical and instantaneous optimal control: L = 30 in., µ = 45 deg,
za = (0:2–0.1)L, and nonshearable and free warping model.

of the implemented solution methodology is displayed. In Fig. 3,
for the sake of illustration,only the open-loop transversalde� ection
QV . ´ V=L/ time history of the tip beam cross section, exposed to

a blast pulse (represented in the inset) is shown. Both uniform and
taperedbeamsare consideredin the formulation.N D 3; 5, and 7 de-
notes the numberof trial functionsused in Eqs. (18). In addition,the
classical, unshearablebeam model was considered.Figures 4 and 5
show the time history of the normalized de� ection QV of the beam
tip when classical LQR and instantaneousoptimal control method-
ologies are applied. Moreover, the effects of the ply angle and taper
ratio are also put into evidence.

From Figs. 4 and 5, the following conclusions are emerging: 1)
The classical LQR optimal control provides an upper bound of the
de� ection amplitude as compared to that resulting in the case of
the instantaneous one. The relative percentage overestimation of
the de� ection amplitude resulting in the case of the adoption of the
classical LQR as compared to the instantaneous one is 12.5% for
¾ D 1 and 11% for ¾ D 0:1. Although these results have been out-
lined for the case of a beam exposed to a rectangularpressurepulse,
the described trend also remains valid for different pressure signa-
ture pro� les. 2) The increase of the ply angle inducing an increase
of the bending stiffness results in a decreaseof the de� ection ampli-
tudes. The same effect results when the beam taper ratio decreases
(implying an increase of ¾ ). At the same time, with the increase

Fig. 5 Implications of ply angle and of two optimal control method-
ologies for the dimensionless transverse de� ection time history of the
beam tip subjected to a rectangular pressure pulse (see inset Fig. 3):
L = 30 in., ¾ = 1, and nonshearable and free warping wing model.

Fig. 6 Implicationof the ply angle for the open/closed-loop dimension-
less de� ection time history of the beam tip subjected to a blast pulse:
¾ = 0:1 and za = (0:2–0.1)L.

of the bending stiffness resulting from the increase of the ply an-
gle, the differences between the predictions based on classical and
instantaneousoptimal control methodologies start to diminish.

InFigs. 6 and7, theeffectsof theply-angleandbeamtaperratioon
the normalized open/closed-loop transverse de� ection time history
of the beam tip are highlighted. In this case, the beam is exposed to
a triangular blast pulse shown in the inset of Fig. 6.

For the unactivated beam, it appears evident that the increase of
the ply angle and taper ratio results in a decay of the de� ection
amplitude in both the forced motion, that is, the motion in the time
range0 · t · 0:5 s, and free motion, that is, when t > 0:5 s, regimes.
For the activated beam, excepting the region of the forced motion
regime where the increase of the ply angle and taper ratio yield a
dramatic decrease of the de� ection amplitude, in the free motion
regime, for any considered ply angle and taper ratio, the motion is
completely suppressed.

Related to the implications of the ply angle and taper ratio on
the beam response, the same trend as in Fig. 6 also appears to be
valid for the twist motion at the beam tip (Fig. 8), when the beam is
exposed to a triangular blast pulse as shown in the inset.

In Fig. 9a, the implications of the piezoactuator size and taper
ratio for the transversalde� ection time history of the beam tip when
subjected to a step pulse are shown.
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Fig. 7 Implication of the taper ratio for the open/closed-loop dimen-
sionless de� ection time history of the beam tip subjected to a blast pulse
(inset of Fig. 5): µ = 0; za = (0:2–0.1)L, and unshearableand free warping
beam model.

Fig. 8 Implication of the ply angle on the open/closed-loop twist time
history of the beam tip subjected to a blast pulse: za = (0:2–0.1)L, ¾ = 0:1,
and unshearable and free warping beam model.

The results reveal the following:
1) The increase of ¾ toward ¾ D 1, that is, toward the uniform

beam, results in a decrease of the de� ection amplitude.
2) For uniformbeams (¾ D 1), the effectivenessof the piezopatch

actuator appears to be lower than that of the full span actuator.
However, for tapered beams, this trend changes, in the sense that
the effectiveness of the piezopatch actuator becomes equivalent to
that of the full span actuator. Related to this change in trend, one
may conjecture that this is because the width of the actuators is
constant, and for the tapered beam, the control ef� ciency is higher
than for the uniform beam counterpart.

3) Although for the present case the adopted optimal control
methodology appears to be highly ef� cient toward containing the
motion, the results reveal that it is not able to suppress it. This im-
plies that in the case of permanent excitations (such as those related
with a step pulse) more powerful control methodologies should be
adopted.

Figure 9b represents the counterpartof Fig. 9a, for the case when
a constraint on the maximum voltage, that is, Vmax D 300 V, is im-
posed.Althroughthe resultsrevealsimilarglobaltrendsas in Fig. 9a,
several small differences should be remarked: 1) In both cases of
considered piezoactuators,the voltage constraint is paid by a slight
increase of the de� ection amplitude at which the motion is con-
tained, as compared to the case of the unconstrained voltage. 2)
During the � rst instances of motion and irrespective of the taper

Fig. 9a Effects of beam taper and piezoactuators size on the de� ection
time history at the beam tip when subjected to a step pulse: µ = 60 deg.

Fig. 9b Counterpart of Fig. 9a for a voltage costraint, Vmax = 300 V.

ratio, the discrete piezoactuator is less effective toward containing
the motion than in the case of a voltage constraint. However, this
conclusion is not applicable to the full space actuator.

In Fig. 10, open/closed-loop normalized transverse de� ection
amplitude time histories of the beam tip exposed to a sinusoidal
pulse, as affected by the aspect ratio AR.´ 2L=c/, are shown. As
expected, the amplitude of oscillationsis strongly in� uenced by the
beam aspect ratio, in the sense that its increase yields an increase
of de� ection amplitudes. For the activated beam, however, the in-
� uence of the beam aspect ratio is experiencedmainly in the forced
motion regime, that is, for t · 0:167 s, whereas in the free motion
regime, that is, for t > 0:167 s, the motion appears to be suppressed,
irrespective of the beam aspect ratio.

InFig. 11, for the samesinusoidalpulse, theeffectsof thepiezoac-
tuator size and beam taper ratio on the open/closed-loop de� ection
at the beam tip are highlighted. The results reveal that the increase
in size of the piezopatch yields a relatively modest decrease of the
de� ection amplitudes in the forced motion regime, whereas in the
free motion regime its effect becomes immaterial. As concerns the
effect of taper ratio, its implicationsare similar to those alreadyem-
phasized.The results related to the twist time historyof the beam tip
under conditions identical to those valid in Figs. 10 and 11 reveal a
similar trend. These results are not displayed here.

Figures 12a and 12b show the effects on the de� ection and twist
time history, respectively, to a sonic boom, of the location along
the beam span of a piezopatchof � xed size. The results reveal both
the high ef� ciency of the application of the piezoactuation toward
suppressing the oscillatory motion, as well as the strong in� uence
played by the location of the piezopatch.
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Fig. 10 Implication of the beam aspect ratio on the open/closed-loop
dimensionless de� ection time history of the beam tip: sinusoidal pulse,
za = (1¡ 0)L, µ = 60 deg, and ¾ = 1.

Fig. 11 Implicationof taper ratio on open/closed dimensionlessde� ec-
tion time history of the beam tip: sinusoidal pulse, µ = 60 deg, and za =
(1– 0)L.

Fig. 12a Implications of the piezopatch location on open/closed-loop
transverse de� ection time history of the beam tip, subjected to a sonic
boom: ¾ = 0:5; µ = 60 deg, and unshearable and free warping beam
model.

Fig. 12b Counterpart of Fig. 12a for the twist time history.

Fig. 13 Implications of the decay parameter a 0 /tp of the blast pulse
on the dimensionless de� ection time history of the beam tip: ¾ = 0:5;
µ = 60 deg, tp = 0:25 s, and unshearable and free warping beam model.

It is clearly seen that for the cantilevered beam the best location
of the patch is toward the beam root.Results related to the twist time
history of the beam tip (Fig. 12b) re� ect a trend similar to that of
the transversal de� ection time history. Note that the involved twist
motion is a result of the bending– twist elastic coupling. Although
the present control appears to be rather effective also with respect
to the twist motion, the use of piezoactuator elements skewed with
respect to the beam longitudinalaxis is likely to enhance the control
of torsional modes (for example, see Ref. 22).

In Fig. 13, the in� uence of the shape factor of the explosive blast
pulse,a 0=tp , on the transversalde� ection time history of the beam is
shown. The results reveal that, in the case of the unactivated beam,
the triangularpulse .a 0=t p D 0/ that is themost severeexplosive-type
pulse results in the largest de� ection amplitude.

However,with the increaseof a0=tp , which implies a decay of the
severity of the pulse, the transversal de� ection time-history ampli-
tude of the unactivated beam drops in magnitude. For the activated
beam, with the exception of the forced motion regime where the
parameter a 0=tp plays at a lower scale, an effect similar to that of
the unactivatedbeam, in the free motion regime its in� uence is im-
material, and the motion is totally suppressed, irrespective of the
value of a0=tp .

In Fig. 14, the in� uence of the size of the patch that is locatednear
the rootof the cantileveredbeamon thede� ection time historyof the
beamtip exposedto an explosivepressurepulse that also includesits
negativephase is shown. The results reveal that the piezoactuatorof
larger size is slightly more effective to contain the displacement in
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Fig. 14 Implicationsof the piezopatch size on de� ection time history of
the beam tip subjected to a blast pulse whose negative phase is included:
a 0 /tp = 80, tp = 0:25, ¾ = 0:5, and µ = 60 deg.

Fig. 15 Implications of beam taper ratio and of the two optimal con-
trol methodologies on control input voltage time history of a beam tip
subjected to a sinusoidal pulse: µ = 60 deg, and za = (0.2–0.1)L.

the forcedmotion regime.However, in the free motion regime, there
is no difference in their ef� ciency, and in both cases, the motion is
completely suppressed.

In Fig. 15, the implications of the two optimal control method-
ologies, namely, of the classical LQR and the instantaneous one,
and of the beam taper ratio on the control input time history of the
beam tip exposed to a sinusoidal pulse is shown. The results reveal
the following: 1) In the forced motion regime for the uniform beam
.¾ D 1/, which is stiffer than its tapered beam counterpart, a higher
voltage is needed to contain the vibrations. However, in the free
motion regime, that is, for t > 0:5 s, the in� uence of the taper ratio
diminishesdramaticallyand tendsto disappearas time unfolds.2) In
the case of the forced motion regime for tapered beams (¾ D 0:1/
that are more � exible than their uniform counterparts, the instanta-
neousoptimal controlmethodologyyields largervoltagesthan those
resulting in the case of the classical LQR control methodology. In
contrast to this trend, for uniform beams .¾ D 1/, the voltages pre-
dicted by the two optimal control methodologies are rather close
each other. However, in the free motion regime, that is, for t > 0:5 s,
the differences in the control input predictions by the two control
methodologies become completely immaterial, irrespective of the
beam taper ratio.

In Fig. 16 the effect played by the taper ratio on the electrical
power used for the optimal oscillation control of the beam exposed
to a blast pulse is shown. The supplied results show that, as the
beam becomes more uniform, implying ¾ ! 1, that is, when its

Fig. 16 Implications of beam taper ratio on the consumed power time
history of a beam subjected to a blast pulse: L = 30 in., µ = 45 deg,
za = (0.2–0.1)L, tp = 0:25 s, and a 0 /tp = 80.

Fig. 17 Implications of the ply angle on the consumed power time
history of the beam tip when subjected to a blast load: ¾ = 0:5 and
za = (0.2–0.1)L.

stiffness increases, the electrical power tends to decay. However, in
the free motion regime, where the motion is suppressed, there is no
difference in power, irrespective of the taper ratio.

In Fig. 17, the effects of the ply angle on the electrical power
time history of a beam subjected to a blast load are shown. The
results reveal that with the increase of the ply angle, which yields
an increase of the beam stiffness, a decrease of the electrical power
results.

In Fig. 18 the total energy time history (that is of strain energy
plus the kinetic energy) of the beam when exposed to a blast load,
for both the activated and unactivated cases, is shown. The results
reveal that for the activated beam, in the free-motion regime where
the motion is suppressed,the total energyis reducedto zero,whereas
for the unactivated case, due to the absence of the structural damp-
ing, the total energy is uniform in time. The results also reveal that
the size of piezoactuator plays a small role in the forced-motion
regime, in the sense that, corresponding to the larger size piezoac-
tuator, the amplitude of the total energy is slightly lower than that
corresponding to lower size actuators. However, in the free motion
regime, the in� uence of the piezoactuatorsize on the total energy is
completely immaterial.

Throughout the numerical simulations presented, the mass and
stiffness of actuators were included in their global expressions. It
is, however, an usual practice to discard their effect on the global
mass and stiffness quantities. A comparison of results obtained by
including and ignoring the mass and stiffness of actuators should
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Fig. 18 Implications of the piezopatch size on total energy in the
beam when subjected to a blast pulse: a 0 /tp = 80, tp = 0:25 s, ¾ = 0:5,
µ = 60 deg, and unshearable and free warping beam model.

Fig. 19 In� uence of including and ignoring the mass and stiffness of
full span piezoactuators on the dynamic response of the beam tip to a
step pulse: µ = 77:5 deg, L = 80 in. and unshearable and free warping
beam model.

be of interest. Figure 19 supplies two sets of time-history plots for
the transversal de� ection that correspond to the cases of the inclu-
sion and discard of the mass and stiffness of actuators. The results
correspond to two taper beam ratios, the full span piezoactuator,
and to the action of a step pulse. Ignoring the mass and stiffness
of the actuators results in slightly larger de� ection amplitudes than
the actual ones that include their effect. This effect tends, however,
to decay in the case of uniform cross section beams (¾ D 1) that
experience larger bending stiffnesses than their taperedbeam coun-
terparts.This effect is expected further to decrease in the case of the
piezopatch actuators.

Note that in the displayed results, unless otherwise stated, rota-
tory inertia,warping restraint,and transverseshear � exibilityeffects
havebeen included.In variouscontexts,their implicationshavebeen
discussed in Refs. 6, 9, and 10. Whereas the rotatory and warping
inertia terms have a little impact on both the open- and closed-
response characteristics, transverse shear effect can be rather im-
portant, especially for structures constructed of materials featuring
large transverse shear � exibilities and/or high thickness ratios.

As was shown also in Ref. 6, the discard of transverse shear
� exibility, implying the adoption of the classical Bernoulli–Euler
hypothesis, can result in severe underestimations of the open-loop
response amplitudes, but at the same time, for the closed loop
response, can result in small differences as compared to those
predicted within the shearable model.

Also in this context, the results not displayed here reveal that the
taper ratio can play a not negligiblerole on the open-loopde� ection
time history.This consists in the increaseof the differencesbetween
the classical and the shearable predictions when the taper ratio de-
creases and in their diminishmentwhen it increases toward the case
of the uniform cross section beams, that is, toward ¾ D 1.

For the closed-looppredictions,the implicationsof the taper ratio
becomes immaterial. As concerns the warping restraint effect, the
results not displayed here reveal that the implications of reducing
the twist angle and de� ection amplitudes in the case of the beam
featuring bending–twist elastic coupling are signi� cant, even for
high aspect ratio beams, when these are built up from composite
materials. In a different context, this was put into evidence, for
example, in Ref. 23. However, the closed-loopresponseshows little
difference between the predictions provided by the free and the
warping restraint models.

Although, the control methodology presented here also can ad-
dress the issueof the control input voltage (Refs. 5 and 6), here,with
a single exception representedby the case considered in Fig. 9b, no
constraint on the control input voltage was imposed.

However, in Ref. 24, a modi� ed bang–bang control methodol-
ogy enabling one to accomplish an optimal control design in the
conditions of a maximum input voltage constraint was developed.
Note, in this context, that the results obtained via the applicationof
the bang–bang control shows negligible differencesas compared to
those obtainedwithin the actual method,when in addition, a voltage
constraint is imposed.

Finally, note that the level of the electric � eld and the presence
of tensile stresses on the actuator, constitute factors that can sig-
ni� cantly affect the linear variation character of the piezoelement
characteristics.

A investigated in Ref. 25, these can have severe implications
on the control predictions. For this reason, studies involving the
validationof the theoretical� ndings in the light of the experimental
evidence are likely to constitute a topic of extreme importance in
the years to come.

Conclusions
A number of issues related with the in� uence of nonclassical ef-

fects on the optimal feedback control of the dynamic response of
doubly tapered thin-walled beams subjected to blast pulses have
been investigated. Among others, issues related to the in� uence
of location and size of piezoelectric patches, beam aspect ratio
and taper, directionalityproperty of � brous composite materials of
the host structure, control input, and power consumption, as well
as implications related to the instantaneous control methodology,
have been explored. The presented results reveal the synergistic
interaction and ef� ciency emerging from the implemented control
methodology,based on the simultaneousapplicationof the optimal
feedbackcontrolandof the tailoringtechnique,ondynamicresponse
of cantileveredthin-walledbeams exposed to time-dependentexter-
nal pressure pulses.

Appendix A: Expression of Stiffness Quantities
aij (z) = aji (z) and Inertia Coef� cients Intervening

in the Governing Equations (9) and (11)

a33.z/ D
I µ

K11 y2.z/ ¡ 2K14 y.z/
dx

ds
C K44

dx

ds

dx

ds

¶
ds

a37.z/ D
I µ

K13.z/y.z/ ¡ K43.z/
dx

ds

¶
ds

a55.z/ D
I µ

K22
dy

ds

dy

ds
C A44

dx

ds

dx

ds

¶
ds

a56.z/ D ¡
I µ

K21 F!.s; z/
dy

ds
C K24a.s; z/

dy

ds

¶
ds
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a66.z/ D
I £

K11 F2
! .s; z/ C 2K14 F!.s; z/a.s; z/ C K44a2.s; z/

¤
ds

(A1)

[b1; b4.z/; b10.z/] D
I

m0

£
1; y2.z/; F2

! .s; z/
¤

ds

[b14.z/; b18.z/] D
I

m2

"³
dx

ds

´2

; a2.s; z/

#

ds (A2)

In these equations,

K11 D A22 ¡
A2

12

A11
; K12 D A26 ¡

A12 A16

A11
D K21

K13.s; z/ D K12Ã.s; z/; K14 D B22 ¡
A12 B12

A11
D K41

K22 D A66 ¡
A2

16

A11
; K24 D B26 ¡

A16 B12

A11
D K42

K43.s; z/ D K24Ã.s; z/; K44 D D22 ¡
B2

12

A11

(A3)

denote the modi� ed local stiffnesses.
In addition,

.m0; m2/ D
NX

k D 1

Z h.k/

hk D 1

½.k/.1; n2/ dn (A4)

denote mass terms, where ½.k/ is the mass density of the kth layer,
whereas N is the total number of layers of the structure, that is, of
the host and piezoactuator layers.

Ai j , Bi j , and Di j are the standard local stretching, bending–

stretching, and bending stiffness quantities, respectively, and A44

is transverse shear stiffness.

Appendix B: The Material Properties
of the Host Structure

EL D 30 £ 106 psi.20:68 £ 1010 N/m2/

ET D 0:75 £ 106 psi.5:17 £ 109 N/m2/

G LT D 0:37 £ 106 psi.2:25 £ 109 N/m2/

GT T D 0:45 £ 106 psi.3:10 £ 109 N/m2/

¹LT D ¹T T D 0:25

½ D 14:3 £ 10¡5 lb ¢ s2/in:4.1528:15 kg/m3/

where subscripts L and T denote directions parallel and transverse
to the � bers, respectively.
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